Equivalence of Three-dimensional Spacetimes 
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A solution to the equivalence problem in three-dimensional gravity is given and a practically useful 
method to obtain a coordinate invariant description of local geometry is presented. The method 
is a nontrivial adaptation of Karlhede invariant classification of spacetimes of general relativity. 
The local geometry is completely determined by the curvature tensor and a finite number of its 
covariant derivatives in a frame where the components of the metric are constants. The results 
are presented in the framework of real two-component spinors in three-dimensional spacetimes, 
where the algebraic classifications of the Ricci and Cotton- York spinors are given and their isotropy 
groups and canonical forms are determined. As an application we discuss Godel-type spacetimes 
in three-dimensional General Relativity. The conditions for local space and time homogeneity are 
derived and the equivalence of three-dimensional Godel-type spacetimes is studied and the results 
are compared with previous works on four-dimensional Godel-type spacetimes. 
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1. INTRODUCTION 

The arbitrariness in the choice of coordinates is a ba- 
sic assumption underlying general relativity theory. This 
hypothesis gives rise to the equivalence problem, namely 
the problem of deciding whether two spacetime metrics 
are different or are transformable one to another by a 
coordinate transformation. In other words, given two 
solutions of the field's equations, how to know whether 
they describe the same gravitational field? Furthermore, 
it can be difficult from a given metric to distinguish be- 
tween real physical effects and those which depend only 
on the choice of coordinates. That is, the related question 
of how to decide whether certain effects have a physical 
origin or are due to the coordinate system used? A solu- 
tion of the equivalence problem provides a complete and 
invariant characterization of the spacetime local geom- 
etry from which the answers to these questions can be 
obtained. 

From the mathematical point of view, the solution to 
the equivalence problem of rt-dimcnsional Ricmannian 
manifolds goes back to Christoffel llj and the best ap- 
proach was developed by Cartan [2J, which requires a 
comparison of curvature tensor components and their 
first n(n+l)/2 covariant derivatives. The development of 
computer algebra opened the way to the formulation of 
a procedure for testing equivalence of four-dimensional 
spacetimes in practice, that is, the Karlhede classifica- 
tion 0, 0| • Finally, algorithms using both the Newman- 
Penrose spinor formalism and the algebraic classification 
of the irreducible parts of the curvature spinor were devel- 
oped, enabling the implementation of the practicalpro- 
cedure in a computer algebra suite called CLASSI [E @] , 
based on the computer algebra system for General Rela- 
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tivity sheep [1, 0,l8U9yiO|[. For a review on the equiva- 
lence problem see [ll], Qjg, ll2[ and the references therein. 
It should be mentioned that, in order to deal with tor- 
sion, the equivalence problem techniques were general- 
ized to Riemann-Cartan spacetimes [l4], EE and imple- 
mented in a suite of computer algebra programs called 
tclassi [IE EE [I?]] i which is also based on sheep. 

In this paper we present a solution to the equivalence 
problem of three-dimensional spacetimes and give a prac- 
tical method to obtain a coordinate invariant description 
of local geometry, which is presented by using spinor for- 
malism. The method requires a nontrivial adaptation of 
Karlhede's invariant classification of spacetimes of gen- 
eral relativity. 

In the next section, we present a review Cartan's solu- 
tion to the equivalence problem. In section 3, Kalhede's 
invariant classification of spacetimes is presented. In sec- 
tion 4,we present a brief review of the formalism of two- 
component real spinors in three-dimensional spacetimes 
including the curvature and the Cotton- York spinors, as 
well as the Ricci and Bianchi identities. In section 5, 
we show the algebraic classifications of the Ricci and 
Cotton- York spinors, including their canonical forms and 
isotropy groups, by using the spinor formalism. In sec- 
tion 6, we obtain a minimal set of components of the n-th 
derivatives of the Riemannian curvature spinor such that 
all derivatives of a given order m can be expressed al- 
gebraically (using sums, products and contractions) in 
terms of these sets for n < m. This new result given 
here for three-dimensional spacetimes is analogous to the 
result obtained by MacCallum and Aman [18| for four- 
dimensional spacetimes. In section 7, three-dimensional 
Godel-type spacetimes are examined by using the equiva- 
lence problem techniques. The conditions for local space 
and time homogeneity are derived and the equivalence 
of three-dimensional Godel-type spacetimes is studied. 
An invariant classification is obtained and the results 
are compared with previous works on four-dimensional 
Godel-type spacetimes. Finally, in section 8 we present 
some conclusions. 
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2. CARTAN'S SOLUTION 

In this section we review Cartan's solution to the 
equivalence problem, applied to pseudo-Riemannian 
manifolds. The result is presented for n-dimensional 
manifolds. This is a very general result, since it is ob- 
tained for an arbitrary manifold without the use of any 
gravitational field's equations. 

The (local) gravitational field in general relativity is 
completely determined by the components <7 M „ of the 
metric tensor in a given coordinate system, which are 
a solution of Einstein's equations. Therefore, within 
the context of general relativity, (local) equivalence of 
spacetimes means (local) isometry of pseudo-Riemannian 
spacetimes. 

In a more formal way, we say that two n-dimensional 
spacetimes M e M, are (locally) equivalent when there 
exists a diffeomorphism f : U *—>■ U between two co- 
ordinate systems (U,x) and (U, x), where U C M and 
U C M are open sets defined on M and M, respectively, 
such that x — f(x) and 



lating the exterior derivatives 



_ dx a dx@ , . 



(2.1) 



where g a p(x) and g^vix) are the components of the met- 
rics on M and M with respect to the coordinate systems 
(U,x) and (U,x), respectively. 

Despite the intuitive meaning of the equivalence def- 
inition given by eq. (|2.ip . its reformulation in terms of 
differential 1-forms is mostly desirable, taking into ac- 
count Cartan's method to determine the equivalence of 
sets of 1-forms. Let uj a — u} a .,dx^ and Cj a — Cj^.dx^ be 
non-holonomic coframes uniquely defined in coordinates 
systems (U, x) and (U, x) on n-dimensional manifolds M 
and M, respectively. We say that these sets of linearly in- 
dependent 1-forms are equivalent when there exists a co- 
ordinate transformation x^ — x^(x) such that Cu a = u) a . 
Cartan [2j showed that these non-holonomic coframes are 
equivalent if, and only if, the system of algebraic equa- 
tions obtained by the comparison of the non-holonomic 
objects C a pq and C a pq and their covariant derivatives ac- 
cording to 



C pq;mi 



(2.2) 



pq;m 1 ...m {p+1) 



pg;mi...m (lJ+1) 



is compatible, that is, there exists a solution x^ = x^(x). 
Here, and in what follows, the covariant derivative is de- 
noted by a semi-colon. 

The non-holonomic objects and their covariant deriva- 
tives at each member of eqs. (|2.2I) are obtained by calcu- 



duj 
dC a nr 



dC a n 



C a ( ) m 

^ pq-m w i 
^ pq;mn w 



(2.3) 

(2.4) 
(2.5) 



and successively. The covariant derivative of or- 
der p + 1 is the lowest order derivative which is 
functionally dependent on the elements of the set 
{C a pq , C a pq . mi ,- ■■ ,C% ;mi ... mf) },_ given by all lower 
derivatives up to order p. That is, the p + 1 derivative 
is expressible in terms of its predecessors. Since each 
derivative either gives (at least) one new functionally in- 
dependent function or is the last we need to consider, we 
obtain the limit (p + 1) < n, taking into account that 
there exist at most n functionally independent functions 
on an n-dimensional manifold. 

The most appropriate context to deal with the equiva- 
lence problem according to Cartan's method is the bun- 
dle F(M) of generalized orthogonal frames defined over 
a pseudo-Riemannian manifold M. The frame bundle 
F(M) is a differentiable manifold whose points are given 
by a pair: a point p of M and a generalized orthogo- 
nal frame defined on p. That is, a manifold given by 
F(M) = UpGM ^pi wriere F p is the set of all generalized 
orthogonal frames defined at p S M, called the fiber over 
p. These frames are given by the linearly independent 
vector fields h a = h a fJ, (x)d t _ l (a — l,...,n), where the 
components of the metric rjab = g(h a , hb) — g^vh^h^ 
are constant and given by a symmetric matrix rj — (jjah), 
with the appropriate signature Q. 

The generalized orthogonal frames cannot be used 
to define equivalence, since they are not uniquely de- 
fined. There exist linear transformations h a i— > Aj'hb 
which leave invariant the components of the metric r\ a \, = 
A a ° rjcd A b d . These transformations are called generalized 
rotations and form the group 0(n) with ^n(n — 1) pa- 
rameters @, d m . 

Underlying Cartans approach to solve the equivalence 
problem there is the fact that equivalent n-dimensional 
pseudo-Riemannian spacetimes M and M have equiv- 
alent bundles of generalized orthogonal frames F(M) 
and F(M), respectively. Locally, F(M) is the product 
U x 0(n) of the subset U G M and the generalized or- 
thogonal group 0(n). The fiber F p over a point p of U 
is isomorphic to the generalized orthogonal group 0(n), 
since it is the set of all generalized orthogonal frames 
defined at p, which are related by generalized orthogo- 
nal transformations. Thus, the coordinates of F(M) are 
given by the n coordinates x = (x a ) of the point p and 
the n(n + l)/2 coordinates (parameters) £ = (£ ) of the 
generalized orthogonal group 0(n). 

The crucial point for Cartans approach is the require- 
ment of a set of uniquely defined linearly independent 1- 
forms. Since the freedom in the choice of generalized or- 
thogonal frames in M is lost in F(M), there is a uniquely- 
defined basis of the cotangent space T* P (F(M)), given by 
both the canonical 1-form <d A = H^{x,^)dx IM and the 
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connection 1-form T, A B = T A B (x, Qdx^ + T A Bi (x,^)d^ A 
of F(M). Therefore, we can reformulate the definition 
of (local) equivalence given by eq. (|2.1|) in the following 

way 0, i, II, HH H3, HI- Let M and M be two n- 
dimensional pseudo-Riemannian manifolds and F(M) e 

F(M) the fiber bundles of generalized orthogonal frames 
over M and M, respectively. We say that M and M are 
(locally) equivalent when there exists a local diffeomor- 
phism J : F(M) i-> F(M) such that 



J*Q A = Q A and 



J A, B — Zj b 



(2.6) 



hold. Here J* is the pull-back map defined from J. 

A solution to the equivalence problem for pseudo- 
Riemannian manifolds can then be obtained by using 
Cartans result on the equivalence of sets of 1-forms to- 
gether with Cartan's equations of structure for a pseudo- 
Riemannian manifold. The solution can be summarized 
as follows P, 0, H, HH, HH, [23[ . Two n-dimensional pseudo- 
Riemann manifolds M and M are locally equivalent if 
and only if there exists a local diffeomorphism J between 
their corresponding generalized orthogonal frame bundles 
F(M) and F(M), such that the following system of alge- 
braic equations relating the components of the curvature 
tensor and its covariant derivatives 



R: 



BCD 



R 



BCD-Kh 



R- 



BCD;M 1 ...M V 



R 
R 



R' 



BCD > 



BCD-M\ 



(2.7) 



BCD;Mi---M p+1 



are compatible as equations in generalized orthogonal 
frame bundle coordinates (x a , £ A ) . The (p+ l)-th deriva- 
tive of curvature is the lowest derivatives which is func- 
tionally dependent on all the previous derivatives. The 
number of functionally independent functions is at most 
the dimension of F(M). Since there is at least one new 
functionally independent function at each order of deriva- 
tive, it follows that p + 1 < n(n + l)/2. 

In association with the necessary and sufficient condi- 
tions for (local) equivalence given by eqs. (|2.7p . Cartan's 
solution also shows that all (local) metric properties of 
an arbitrary n-dimensional pseudo-Riemannian manifold 
are described in a comprehensive and unique way by the 
set 



I P = {R 



1 r>A 

BCD ' n BCD;M\ 1 



■ R 



BCD;M 1 ...M, 



}, (2-8) 



whose elements are called Cartan's invariants, since they 
are invariant under coordinate transformations on the 
base manifold. But they depend on the orientation of the 
frame and change under generalized orthogonal rotations. 
The theoretical upper bound for the number of covariant 
derivatives to be calculated is n(n + l)/2. 

In principle, we can use the set I p of Cartan's invari- 
ants to obtain all (local) properties of a spacetime that 
can be obtained from the components gp V of the metric 



in a given coordinate system. There are several results 
where the Cartan's invariants are used to investigate (lo- 
cal) properties of spacetimes. In the context of General 
Relativity we have, for instance, the determination of the 
spacetime isometry group [2~il f25l . the investigation of 
limits of families of spacetimes |26| and the local degrees 
of freedom on a spacetime [jj . 

Concluding this section we review the results where 
the dimensions of the isometry group and its isotropy 
subgroup are obtained from Cartan's invariants. 

We say that a vector field with components v a in a 
given coordinate system, defines a local isometry on a 
pseudo-Riemannian manifold M if, and only if, the fol- 
lowing conditions are satisfied: 



u fi;u 



= 0. 



(2.9) 



The eq. (|2.9p above are called Killing's equations and 
their solutions are Killing vector fields. They are the 
generators of the isometry group and the maximal num- 
ber of linearly independent Killing vectors is the dimen- 
sion of the isometry group. There is an isotropy subgroup 
when there exist Killing vector fields which generate one- 
parameter groups of transformations which leave invari- 
ant the points of the spacetime manifold. They are the 
generators of the isotropy subgroup. 

According to Cartan's solution to the equivalence 
problem, we can say that for each (local) isometry of 
a manifold M there exits, in bijective correspondence, 
a diffeomorphism on the bundle of generalized orthogo- 
nal frames F(M) which preserve the set I p of Cartan's 
invariants. Therefore, when I p has k p functionally inde- 
pendent Cartan's invariants, then the system of algebraic 
equations eqs. (I2.7[) has k p linearly independent equations 
and its solution is a diffeomorphism on the frame bundle 
F(M) which depends on hn(n + 1) — k p arbitrary con- 
stants. Dealing separately with the t p functions of the 
spacetime coordinates (x^) and the m p = k p — t p func- 
tions of the parameters (£ A ) of the generalized orthogo- 
nal group 0(n), it can be shown that 0, Q there exists 
an isometry group of dimension r, with an isotropy sub- 
group of dimension s and acting on a orbit of dimension 
d, where 



1 . 

-n[n- 1) -TO P , 

-n(n + 1) — k p = s + n — t p , 



(2.10) 

(2.11) 
(2.12) 



3. KARLHEDE CLASSIFICATION 

In this section we show how the difficulties to deal with 
Cartan's solution of the equivalence problem in practice 
are considerably reduced by a procedure to test equiv- 
alence, based on an algorithm developed by Karlhede, 
where all calculations are performed on the spacetime 
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base manifold and the maximal order of the derivatives 
is reduced @. 

Cartan's solution of the equivalence problem has an 
important aspect to be considered in practice. At each 
order q = 0, 1, . . . , (p + 1) of derivative of the curvature 
tensor, there are several properties which can be deter- 
mined. Their comparison constitute necessary conditions 
to test the equivalence and can be used at each order q to 
establish a practical procedure. The test finishes when- 
ever one of these conditions is not satisfied. Only when 
all necessary conditions for all orders g = 0,l,...,(p + l) 
of derivatives are satisfied it is necessary to verify the 
consistency of the system of algebraic equations given by 
eqs. (|2.7[) . that is, the necessary and sufficient conditions 
for equivalence. The relevance of this approach is evi- 
dent from the practical point of view when considering 
that there is no procure which makes formally decidable 
the problem of verifying whether or not a system of al- 
gebraic equations has a solution [lOj. 

Following this approach, we will describe the steps 
needed in order to present Karlhede's algorithm to test 
the equivalence. Initially it is necessary to handle sep- 
arately the spacetime manifold coordinates x^ and the 
parameters £ of the generalized orthogonal group. This 
is done by calculating the Cartan's invariants in a sec- 
tion of the bundle of generalized orthogonal frames, that 
is, with respect to a given generalized orthogonal frame. 
Therefore, all Cartan's invariants are calculated on the 
base spacetime manifold and no more depend on the pa- 
rameters of the group of generalized rotations. Thus, now 
the set 

Ip = {R bcd , . . . , R 6 C( j ;mi ... m(p+1) } (3.13) 

is given by the components R a bcd of the curvature on AI 
and their covariant derivatives, with respect to the gen- 
eralized orthogonal frame which define the local section 
of the frame bundle. Nevertheless, the dependence of 
Cartan's invariants on the parameters £ A of the general- 
ized orthogonal group still can be verified through their 
behavior under generalized rotations. 

The next step deals with the reduction, at each order 
of differentiation q = 0, 1, . . . , (p + 1), of the dimension of 
the fiber bundle effectively used to test the equivalence. 
This is achieved by choosing a generalized orthogonal 
frame which is aligned with invariant directions deter- 
mined by Cartan's invariants. With this choice the free- 
dom of generalized rotations is reduced and the frame is 
fixed as much as possible. These invariant directions are 
determined by the algebraic classifications of the Car- 
tan's invariants, which define canonical forms for each 
one of them. These generalized orthogonal frames are 
called standard or canonical frames 0]. This step has 
two important aspects from a practical point of view. 
First, along with the reduction of the dimension of the 
effective frame bundle the maximal order of derivatives 
is also reduced. Second, the algebraic classifications de- 
fine a set of necessary conditions given by the algebraic 
types, their canonical forms and groups of isotropy. 



The reduction of the dimension of the effective frame 
bundle at each order g = 0,l,...,(p+l)of derivatives, 
can be determined from the isotropy group H q of the set 
I q . This is the group of generalized rotations which leave 
invariant the canonical forms of the elements of I q . Thus, 
when two spacetimes have the same isotropy group H q , 
the number of functionally independent functions of the 
parameters £ A are the same as well @. Therefore, the 
freedom of generalized rotations of the canonical frame 
is reduced each time the dimension of H q is less than the 
dimension of H^ q _iy Since H q is a subgroup of H( q _ 1 ), 
the parameters of the generalized rotations which do not 
belong to H q can be used to fix furthermore the canonical 
frame. 

The next step take into account the fact that lo- 
cal equivalence also requires that the Cartan's invari- 
ants have the same dependence on the coordinates x^ 
of the spacetime manifold. Thus, at each order q = 
0, 1, . . . , (p + 1) of derivative it is necessary that equiv- 
alent spacetime manifolds have the same numbers t q of 
functionally independent functions of the coordinates x^ 
in the elements of I q . 

Finally, according to Cartan's solution of the problem 
of equivalence, the Cartan's invariants must be calculated 
until a order q — (p+ 1) of derivatives where the elements 
of I( p +i) are functionally dependent on the elements of 
I p . Therefore, the steps of the practical procedure finish 
at an order q of derivative where not only the groups 
H( q +i) and H q are the same, but also the numbers 
and t p . The last step is to check the occurrence of these 
equalities. 

All the steps of the practical procedure discussed above 
can be joined in an algorithm which starts by setting 
q = and has the following steps [3[: 

1. Calculate the set I q , i.e., the derivatives of the cur- 
vature up to the g-th order. 

2. Fix the frame, as much as possible, by putting the 
elements of I q into canonical forms. 

3. Find the frame freedom given by the isotropy group 
H q of transformations which leave invariant the 
canonical forms of I q . 

4. Find the number t q of functionally independent 
functions of spacetime coordinates in the elements 
of I q , brought into the canonical forms. 

5. If the isotropy group H q is the same as H^ q _i^ and 
the number of functionally independent functions 
t q is equal to then let q = p + 1 and stop. 
Otherwise, increment q by 1 and go to step 1. 

This procedure provides a discrete characterization of n- 
dimensional pseudo-Riemannian spacetimes, called Karl- 
hede classification, in terms of the following properties: 
the set of canonical forms in I p , the isotropy groups 
{Hq, . . . , Hp} and the number of independent functions 
{to, ■ ■ ■ , t p }. 
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To check the equivalence of two pseudo-Riemannian 
spacetimes the above discrete properties of their Karl- 
hede's classifications are compared and only when they 
match is it necessary to determine the compatibility of 
cqs. (|2~7|) . 

An important result obtained with the application of 
Karlhede algorithm is the reduction of the maximal order 
of derivatives, given by n(n + l)/2 according to Cartan's 
theorem. 

In the context of General Relativity, we have four- 
dimensional pseudo-Riemannian spacetimes. The canon- 
ical frame is fixed through the principal directions of 
the Weyl tensor, obtained by the Petrov's classifica- 
tion. Since the isotropy groups os the Petrov types 
(except type 0) have dimension s < 2, we obtain the 
limit (p + 1) < 7. For conformally flat spacetimes, the 
Weyl tensor vanish (Petrov type 0) and the principal di- 
rections of the Ricci tensor are used instead. As the 
isotropy groups of the Segre types (except Segre 0) of 
the Ricci tensor have dimensions s < 3, we obtain the 
limit p+1 < 8 

For three-dimensional spacetimes, the Weyl tensor 
vanishes identically and the canonical frame is aligned 
with the principal directions of the Ricci tensor. Now 
the Segre types (except type 0) have isotropy groups of 
dimensions s < 1, and we find the limit p + 1 < 5. 

The Karlhede algorithm was implemented by using 
spinor formalism to deal with equivalence in General 
Relativity, since it enables symmetries which are com- 
plicated in tensorial form to be expressed in a simple 
way. Since the same simplifications occurs with respect 
to spinors in three-dimensional spacetimes, in the next 
section we briefly present the two-component real spinors 
in three-dimensional spacetimes and obtain some results 
required to implement the Karlhede algorithm. 

4. TWO-COMPONENT REAL SPINORS 

We shall consider three-dimensional spacetimes de- 
scribed by a metric with signature ( — I — h). In this section 
we present some results obtained by usin g th e formal- 
ism of two-component real spinors l28l . [291, |3dll , which is 
analogous to the Newman-Penrose |19l l3ll . |32| formalism 
of two-component complex spinors in four-dimensional 
spacetimes. It should be mention that only one type 
of spinor index is required for three-dimensional space. 
The spin transformation are the elements of the group 
SU(1, 1) for two-component complex spinors and the 
group SX(2, i?) for two-component real spinors [28l l3(il| . 

An one-index spinor will be denoted by Tp A or ^a and 
has two real components, where capital latin indices take 
the values 0, 1. These indices will be raised and lowered 
by the Levi-Civita symbol €ab — —£ba ( £oi = 1), ac- 
cording to 

Vm=V B £ba, tP A = e AB ^ B . (4.14) 
The inner product is given by ip A 4>A = ^ AB 4 ! b4 i a and 



the spin frame {o A , i A } is normalized by oa t A — 1, where 
o A = (1,0) and l a = (0,1). 

The 2-order symmetric real spinors 4>ab corresponds 
to vectors in three-dimensional spacetime M. There is 
a correspondence between a null frame of real vectors 
{k a , m a , n a } ( or a Lorentz frame {t a , x a , z a } ) in M and a 
spin frame {o A , i A } given through the real and symmetric 
connecting quantities o a AB according to 

k a = + z ay^ = a a AB o A o B = cr Q 00 , 
n a = {t a - z a )/V2 = a a AB L A L B =cr a n , (4.15) 
m = x = a ab\° L + ° L )/ V 2 = v2er 01 , 

where m a = x a and z a are space-like, t a is time-like, 
k a and n a are light-like. The correspondence between 
the spaces also requires the correspondence between their 
inner products 

^ CD 
9ab — CT a a b 9ABCD 

= -k a n b - k b n a + m a m b 

= -tah + Z a Z b + X a X b , (4.16) 
gABCD = ^ a AB ab CD9ab 

= -7j{tAC£BD + tADtBc)- (4-17) 

Now we can show that, corresponding to the normal- 
ization oa l a = 1 of the spin frame, we have 

k a n a = t a t a = -1, m a m a = x a x a = z a z a = 1, (4.18) 

with all other contractions vanishing identically. In gen- 
eral, an arbitrary vector v a in the null frame eqs. (|4.15p 
above corresponds to a symmetric real spinor c/)ab ac- 
cording to 

v a = G a AB <)> AB , (f> AB = ~a AB v a . (4.19) 

Now, taking into account eqs. (|4.16[) - (|4.17[) . we obtain 

v a v a = g ab v b v a = g A BCDcf> CD 4> AB = -4>ab4> AB - (4.20) 

The spinor 6ab fulfills the identity 

£a[b£cd]=0, (4.21) 

where square parentheses denote skew symmetrization. 
One consequence of the identity eq. (|4.2ip above is the 
identity 

(j>A^B - <f>B^A = e A B(f>N^ N , (4.22) 

for any spinors 4>a and ipA, which will be used repeatedly 
to obtain the decomposition into irreducible parts of the 
curvature spinor. 

For three-dimensional spacetimes the Weyl tensor van- 
ishes identically and the Riemannian curvature tensor 
can be decomposed in terms of the Ricci tensor R ab = 
R c acb and the scalar of curvature R. Using the traceless 
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Ricci tensor S ab = Rab — \dabR, the Riemann tensor is 
given by 33] 

Rabcd — 9acSbd — 9adSbc + QbdSac — gbcSad 

-\{9adgbc - g ac gbd)R- (4.23) 

b 

and we can calculate the curvature spinor which, by us- 
ing the identity eq. (|4.22|) , is decomposed into irreducible 
parts in accordance with 



Rax by c z dw = ^xyRabczdw 

+cabRxyczdw, 
Rabczdw — czwQabcd 



-ccdQ 



abzw, 

1 



(4.24) 
(4.25) 



QaBCD = &ABCD - -^gABCD^- (4.26) 

Therefore, the irreducible parts of the three-dimensional 
curvature spinor are the totally symmetric spinor 
Sabcd = 2$abcd, which corresponds to the traceless 
Ricci tensor S abl and the curvature scalar A = R. For 
the Ricci tensor R ab we obtain the spinor 

Rabcd = 2 §abcd + -^gABCD^. (4.27) 

Similar results have been obtained in (29j |. but with a 
different signature of the metric (H ) and a differ- 
ent choice of A in order to resemble the results for four- 
dimensional spacetimes. 

Now we can express the Ricci spinor Qabcd using the 
following abbreviations for the null frame components of 
the traceless Ricci tensor S ab - We define a real symmetric 
$ AB (A,B = 0, 1,2) by 



$00 


; — $0000 — 


2 Sab k k — 


—R a bk k , 


(4.28) 


$22 


:= $1111 = 


^S ab n a n b = 


\Rabn a n\ 


(4.29) 


$10 


:= $1000 = 


1 A Q a 

^S ab m 


k b ) 





= -L(ii? afc m a fc b ), 

$12 := $1011 = -j=(-S ab m a n b ) 

= -^(^Rabm a n b ), 

$n := $0011 = \s ab k a n b 
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(R ab m a m b + R ab n a k b ). 



(4.30) 



(4.31) 



(4.32) 



Note that <&ab has only five independent components, 
since we have the identity $n = $02 due to S = S a „ = 
— 2S ab n a k b + S ab m a m b = (this point is missing in [23]). 
When n a and k a are swapped, the index 1 in &ab re- 
mains unchanged, while the rest flip <-> 2. It should be 



mentioned that we follow Penrose-Rindler [3l| and use 
the analogous identification between <&ab and $abc.D; 
which is different from the choice used in [29]. 

Concluding, we present the Lorentz transformations 
performed in the null frame {k a ,m a ,n a } are given by 
[11 [H] boosts 

n a = VAn a , k a = -^=k a , rh a = m a , (4.33) 
VA 



where A > 0, null rotations which leave n a invariant 



k a = k a + Bm a + -B 2 n a , rh a = m a + Bn a , (4.34) 



and null rotations which leave k a invariant, given by 
eqs. (|4.34[) with n a in place of k a and conversely and a 
new parameter C replacing B, where B,C G R. These 
transformations leave the components eqs. (|4.16[1 of the 
metric invariant. The Lorentz group SO(2, 1) has three 
parameters. 

In the next section, as required by the Kalhede classifi- 
cation, we review the algebraic classification of the Ricci 
and Cotton- York tensors in terms of Segre types, and ob- 
tain their canonical forms and the correspondent isotropy 
groups using the two-component real spinor formalism. 



5. ALGEBRAIC CLASSIFICATION 

The algebraic classification of the Ricci tensor in three- 
dimensional manifolds can be obtained by using a null 
triad and the freedom of Lorentz transformations in or- 
der to simplifying as much as possible their non- vanishing 
components [34. l35|. Thus, through Lorentz transforma- 
tions it is possible to choose a null frame {k a ,m a ,n a }, 
where k a n a = — 1 and m a m a = 1, such that the Ricci 
tensor takes one of the following canonical forms: 

Segre type Canonical form 

[11,1] Rab = -2ak (a n b) - /3(k a k b + n a n b ) 

+ jm a m b (5.35) 
[(11), 1] R ab = lgab 

+ (7 - a) (k a + n a )(k b + n b ) (5.36) 

[1(1,1)] R ab = a g ab + (7 - a) m a m b (5.37) 

[(11,1)] R ab =ag ab (5.38) 
[lzz] R ab = -2a/c (a n b ) - (3(k a k b - n a n b ) 

+ ~fm a m b (5.39) 
[12] R ab = -2a fe( a ri6) + \k a k b 

+ ^m a m b (5.40) 

[(12)] R ab =ag ab + \k a k b (5.41) 

[3] R ab — a g ab + fi(k a m b + m a k b ) (5.42) 



where a, @, 7 G R and [3 ^ in cq. (|5.39p . It is possible 
to choose A = ±1 and fi = ±1. Note that the curvature 
scalar is given by R = 2 a + 7, except for Segre types 
[(11,1)], [(12)] and [3] wherei? = 3a. 
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The above canonical forms correspond to the algebraic 
classification of R ab in terms of Segre types [lzz], [12], 
[3] and [11,1], obtained through the solution of the eigen- 
value problem 



(R a b - Xg a b )v b = 0, 



(5.43) 



where A S C. 

Therefore, the canonical forms of the Ricci tensor 
determine null frames {m a ,n a ,k a }, whose vectors are 
aligned with the principal directions of the Ricci ten- 
sor. These are the canonical frames of Karlhede proce- 
dure. They are not uniquely determined, since the Segre 
types and their degeneracies have isotropy groups whose 
elements are the Lorentz transformations which leave in- 
variant the canonical forms. 

By using the quantities defined by eas. (|4.28p — ()4.32|) 
and the canonical forms given by eas. (|5.35|) — (|5.42|) . we 
can obtain the following canonical forms and isotropy 
groups of the Segre types of the Ricci spinor, given in 
terms of the non vanishing &ab'- 



Segre type 


Canonical form 


Isotropy 


group 


[11,1] 


$00 = $22, $11 


none 


(5.44) 


[(H), 1] 


$00 = $22 = 3 $n 


50(2) 


(5.45) 


[1(1,1)] 


$n 


50(1,1) 


(5.46) 


[(H,l)] 


$AB = 


50(2,1) 


(5.47) 


[lzz] 


$00 = -$22, $11 


none 


(5.48) 


[12] 


$22 = 1,$11 


none 


(5.49) 


[(12)] 


$22 = 1 


n.rot.(k a 


inv) (5.50) 


[3] 


$12 = 1 


none 


(5.51) 



For Segre types [11,1] and [lz z] the quantity $n can be 
zero. 

The Segre type [lzz], which is the only case to admit 
non-real eigenvalues, has three eigenvectors, two complex 
conjugate k a ± in a and one space-like m a , with eigenval- 
ues a ± i(3 (/3 7^ 0) and 7, respectively. The Segre type 
[12] has two eigenvectors, a null k a and a space-like m a , 
with eigenvalues a and 7, respectively. The Se gre type 
[3] has one null eigenvector k a with eigenvalue a [34], [35| • 

For Segre type [11, 1] the eigenvectors forms a Lorentz 
frame t a = [k a + n a )/V2, z a = (k a - n a )/y/2 and x a = 
to 12 , whose eigenvalues are 6 = a + /3, p = a — (3 and 7, 
respectively. This is the only Segre type with time-like 
eigenvector. Therefore, it is possible to choose a Lorentz 
frame {t a , x a , z a } where the Segre type [11, 1] is given by 
the alternate form [34], |35| 

(5.52) 



Rab = St a t b + pZ a Z b + "fX a X b . 



The conformal properties of three-dimensional space- 
time are described by the Cotton- York tensor (36| 

C ab = V=ge bcd V c (R d a -^g d a R), (5.53) 

where g = det(g ab ) and s abc is the Levi-Civita symbol 
with £ i2 = 1- It is invariant under conformal transfor- 
mations of the metric and vanishes for conformally flat 



spacetimes. It also satisfies the following conditions 

C ab = C ba , C a a = 0, V b C ab = (5.54) 

of a symmetric, traceless, covariantly conserved tensor. 

Since the Cotton- York tensor C ab is symmetric and 
traceless, we find that the Cotton- York spinor $ abcd 
has the same symmetries as the Ricci spinor <1>abcd ■ 
Thus, it is classified through the same Segre types, with 
the same canonical forms given in terms of the quantities 
^ ab, which are defined exactly as $ab, i-e., 



*00 


"foooo 


*22 


:= *im 


*10 


:= "fiooo 


*12 


:= #1011 


I'll 


: = ^0011 



Cabk k , 

C ab n a n\ 

—jzzCab'nT' k , 

—j=C a bm a n b ', 
C ab k a n b . 



(5.55) 
(5.56) 

(5.57) 

(5.58) 

(5.59) 
(5.60) 



Note that not only the Segre type, but also the prin- 
cipal spinors of \E I abcd, may be different from those of 

$ABCD- 

At last we obtain a final result required in order to 
implement the Karlhede procedure using the most effi- 
cient way. It is not necessary to calculate all Cartan's 
invariants, since they are interrelated by both Bianchi 
and Ricci identities and their differential concomitants. 
In the next section, we use the spinor formalism to tackle 
the problem of specifying a minimal set of quantities to 
be computed at each step of differentiation of the Karl- 
hede algorithm. 



6. A COMPLETE MINIMAL SET OF N-TH 
CURVATURE DERIVATIVES 

The first step of the Karlhede algorithm involve the 
computation of the covariant derivatives of the Riemann 
curvature. For economy in the computations, it is useful 
to specify a minimal set of quantities to be computed 
at each step of differentiation and we will discuss this 
problem here. 

Thus, in this section Thus we wish to specify a mini- 
mal set of components of the spinor n-th derivatives of 
the Riemannian curvature such that all derivatives of 
a given order m can be expressed algebraically (using 
sums, products and contractions) in terms of these sets 
for n < m. 

A relevant point to be taken into account when one 
needs to compute covariant derivatives of the curvature 
tensor is that they are interrelated by both Bianchi and 
Ricci identities and their differential concomitants. 

The new result given here for three-dimensional space- 
times is the analogous to the result obtained by Mac- 
Callum and Aman [l8j for four-dimensional spacetimes. 
Their result is given in terms of two-component complex 
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spinors and includes the Weyl spinor and its covariant 
derivatives. Here we use two-component real spinors but 
follows the same approach. 

Although other minimal sets exist (and are related to 
our choice by the application of the Ricci and Bianchi 
identities) the chosen set has two nice properties: it is 
recursively defined (which avoids any need to compute 
additional n-th derivative quantities in order to find the 
higher derivatives) and contains only totally symmet- 
ric spinors (which simplifies storage and retrieval algo- 
rithms). 

Before stating and proving the new result we review 
the derivation of the number of algebraically independent 
quantities that must be given to specify the invariants 
formed from n-th derivatives of the Riemannian curva- 
ture of a general three-dimensional spacetime (which is 
what the spinor components in a canonical frame are). 
This number is given by 

-(n + 4)(n+l). (6.61) 

The above result is most easily seen by considering in- 
variants formed from the coordinate components of the 
(n + 2)-th derivatives of the metric. Since partial deriva- 
tives commute, all such derivatives are expressible in 
terms of g(ab),(c lt c2,...,c/ n+2 ))i wfiere round brackets denote 
symmetrisation. The number of these quantities can eas- 
ily be computed by considering the partition of the in- 
dices in each symmetrisation between the three different 
possible values, giving 

6(n + 4)! , w , , 
4^ = 3(n + 4)(n + 3). (6.62) 

However, there are still the possible coordinate transfor- 
mations to consider, specified by three functions whose 
(n+3)-th derivatives contribute to the (n + 2)-th deriva- 
tive of the metric. By a similar argument, there are 

»£±! _!(„ + ,)(„ + 4, (6.63, 

distinct contributions arising in this way. The number of 
independent quantities stated above is the difference of 
eq. ([61)31) and eq- 

The number of independent quantities is considerably 
less than the total number of components of the n-th 
derivative which is 6 x 3™. One can easily compute the 
cumulative total number of these independent quantities 
up to the n-th derivative, which is 

-(n + 6)(n + 2)(n+l). (6.64) 

For n = 6 (the bound on p given by Cartan for d — 3) the 
cumulative total number of all components of the deriva- 
tives is 4374, whereas the number just derived is 336. 
Similarly, for n = 5 (the upper bound on p for metrics 
of Segre types [(11), 1], [1(1,1)] and [(12)]) the numbers 



are 1458 and 231. Therefore, it is necessary a computer 
algebra implementation to carry out the calculations. 

To end this part, we quote the spinor forms of the 
Bianchi identities 

V AB $abcd + ^V CD A = (6.65) 

and the Ricci identities 

^ N (A^ B)N^C = ®ABCDtp D + ^{eCA^B + ^CB^a)- 

(6.66) 

Let us define the set of n-th derivatives V n R to contain 
the following. 

(i) The totally symmetrised n-th covariant derivatives 
of the Ricci spinor: 

^ {AX ^ BW ■ ■ ■ V ' GZ^HKLM) • 

(ii) The totally symmetrised n-th covariant derivatives 
of the curvature scalar: 

^(AX^BW ■ ■ ■ V G z) A. 

(iii) For n > 1 the totally symmetrised (n — l)-th co- 
variant derivative of the Cotton- York spinor: 

^(AX^BW ■ ■ ■ ^GZ^HKLM)- 

(iv) For n > 2, the dAlembertian of all quantities in 
V("~ 2) i?, i.e., 

DQ = W NN W NN Q, 

where Q is a member of V ( -"~ 2 ' ) i?. 

The new result for three-dimensional spacetimes is ob- 
tained by following the same reasoning used by MacCal- 
lum and Aman [la |. since we have similar relations be- 
tween the quantities. Thus we have the following: 

Theorem. All n-th derivatives of the Riemann tensor 
can be expressed algebraically in terms of the elements 
of V r i? for < r < n and this is a minimal such set of 
derivatives. 

Proof. For n = the statement is merely the decompo- 
sition of the Riemannian curvature spinor and, for n > 1 
the n-th derivatives of the curvature spinor are given by 
the n-th derivatives of the spinors $ and A. 

Following MacCallum and Aman, we use the notation 
~ for the equivalence relation that n-th derivatives are 
equal modulo algebraic expressions in the derivatives up 
to order (n — 1). The Ricci identity shows (see previous 
section) that for any spinor Q, the skew derivative 

+e XY X7 z(A X7 z B) Q 
~ (6.67) 

Consequently all n-th derivatives with the same indices 
on their differentiation operators, regardless of the order 
of these operators, are equivalent (under ~). Moreover, 
a useful consequence of eq. (|6.67[) is 

V X C V YC Q ~ e XY W zc W zc Q = e XY OQ (6.68) 
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The n-th derivatives can be decomposed into their to- 
tally symmetrised parts and products of the e spinor with 
n-th derivatives having fewer but still symmetrised free 
indices. The totally symmetrised parts are covered by 
(i)-(ii) above, so we need consider only the parts involv- 
ing contractions. We will use induction to prove that 
all such components are algebraically expressible using 
quantities of the forms (i)-(iv) above; the induction hy- 
pothesis is in effect used whenever we quote eq. (|6.67|) 
or eq. (|6.68[) . since the equivalence uses terms from lower 
derivatives and we are assuming that these can be ex- 
pressed in terms of quantities of the forms (i)-(iv) above. 

The parts involving contractions are symmetric sums 
of terms, each of which involves a contraction. If the 
contraction indices belong to a pair of differentiation op- 
erators whose other indices are not contracted together, 
the term can be ignored as a result of eq. (|6.67p or is con- 
verted by eq. (|6.68p into a term involving contractions of 
both pairs of indices on a certain pair of differentiation 
operators (which will thus form a d'Alembertian). For 
this second type of contraction term, we can bring the 
d'Alembertian to the left (by eq. (|6.67p ); such terms will 
then be included in (iv) above. To complete the proof 
that (i)-(iv) are sufficient to represent all components of 
the n-th derivative of the Riemann curvature, we still 
have to prove that terms in which the only contractions 
are between differentiation operators and Riemann spinor 
indices are covered by (i)-(iii). We now consider this case. 

Using eq. (|6.6T|) we bring all those differentiation op- 
erators which are contracted with the Riemann spinor 
components to the right. We can ignore the Ricci scalar 
(since it has no indices on which to contract). By def- 
inition of contraction of a differentiation operator 
with the Ricci spinor leads only to (derivatives of) W 
and the contraction between the Ricci spinor and a dif- 
ferentiation operator has a symmetric part which is W 
and a skew part which reduces, by the Bianchi iden- 
tity eq. (|6.65p . to terms of the form (ii). The totally 
symmetrised derivatives of \P are (iii) above, so we have 
only to consider terms in which there is a contraction 
of a differentiation operator with ^abcd, that is, with 
^J N (a®bcd)n- We have now reduced the sufficiency proof 
to the consideration of (derivatives of) V^V^^bcdat 
and ^ F b^ N a^cdn- The first derivative, through the 
previous remarks about terms with contractions on differ- 
entiation operators, lead to quantities which are already 
included. The second derivative is equivalent, modulo 
d'Alembertian type terms, to a sum of terms of the form 

V F X7 N $ B - V F X7 N <5 B 

v b v cdn — v a v cdn 

+€ A bV fg V n g <$> b cdn (6.69) 

the last expression following by the usual decomposition 
method. The first term on the right of eq. (|6.69p re- 
duces, by the Bianchi identity eq. (|6.65p . to a quantity 
of the form (ii) and the second reduces by eq. (|6.67p and 
eq. (|6.68p to a quantity of the form (iv) . 

Having proved that the set given by (i)-(iv) enables all 
n-th derivatives to be expressed, we have to show it is 



minimal. This is done simply by a counting argument. 
It is fairly easy to see, by a similar but simpler argument 
to that given above for counting invariants, that the con- 
stituent parts of V n i? as defined above contain respec- 
tively 2(n+l)+4, 2(n+l), [2(n-l) + l]+4 and, assuming 
the induction hypothesis, 3(n + 2)(n — l)/2 real quanti- 
ties. The total number of quantities in V n i? is therefore 
3(n + 4)(n + l)/2 as required. This completes the proof 
of the theorem. 

It should be mention that the theorem and the num- 
bers of components to which we refer to above are for the 
general case. 

In the next section, all these results are applied to 
study the properties of a three-dimensional spacetime. 
All the procedures were implemented using the GrTen- 
sorll package of Maple computer algebra system. 

7. THREE-DIMENSIONAL HOMOGENEOUS 
GODEL-TYPE SPACETIMES 

Godels [13] solution of Einsteins field equations is the 
first cosmological model with rotating matter and closed 
time-like curves. It has shown that General Relativity 
does not forbid spacetimes with global causal patholo- 
gies. Nevertheless, it can represent rotating objects with 
physical meaning when surrounded by more standard 
spacetimes .38] . It should be mentioned that both time- 
like and null geodesies are not closed causal curves. The 
model is geodesically complete and has neither singulari- 
ties nor horizons [2(| ■ Due to its peculiarities, Godel-type 
solutions have been studied with interest until nowadays 
with a fairly large literature. 

Recently it has been shown that the three-dimensional 
Einstein-Maxwell theory with a cosmological constant 
and a Chern-Simons term have Godel-type black holes 
and particle solutions [39j. Furthermore, it was shown 
that a one-parameter family of the three-dimensional 
Godel-type metrics can be seen as arising from a de- 
formation of anti-de Sitter metric, involving tilting and 
squashing of the lightcones. The anti-de Sitter metric ap- 
pears as the boundary between the causal and non-causal 
models [ioj . 

Actually, the four-dimensional Godel spacetime metric 
has a direct product structure ds 2 ^ = ds 2 ^ + dz 2 , where 

the three-dimensional metric ds 2 ^ is a particular case of 
the Godel-type line element, defined by 

ds 2 {3) =-[dt + H{r)d(j)] 2 + D 2 {r)d(j) 2 + dr 2 . (7.70) 

All four-dimensional Godel-type spacetimes that are 
homogeneous in space and time (hereafter ST homoge- 
neous), are characterized by two parameter m 2 and u>, 
where 

(i) H = cor 2 , D = r, when m = 0; 

(ii) H = (2w/u 2 )[l - cos(nr)}, D = (1/ fi)sin(fir), 
when m 2 — —fj 2 < 0; 
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(iii) H = (Auj/m 2 )sinh 2 (mr/2), D 
when to 2 > 0. 



(l/m)sinh(mr), 



The constant uj is the vorticity of these rotating space- 
times. The Godel spacetime is a particular case of the 
last class, for which to 2 = 2w 2 , whose energy- momentum 
tensor T M „ is given by 



T, 



np 



pVpVu . 

= -2A = 



U r 



' 



2 to 2 



(7.71) 
(7.72) 



where k and A are, respectively, the Einstein gravita- 
tional and the cosmological constants, p is the fluid den- 
sity and v a its four- velocity. The four-dimensional Godel 
model has a 5-parameter group of isometries with an 1- 
parameter isotropy subgroup. 

It should be mentioned that the three-dimensional 
Godel- type line element eq. (|7.70p , besides being a solu- 
tion of the Einstein-Maxwell-Chern-Symon theory, also 
satisfies the three-dimensional Einsteins equations for all 
values of (m 2 ,uj) and has 4-parameter group of isome- 
tries m. 

The (global) causality breakdown in ST homogeneous 
four-dimensional Godel-type spacetimes depends on the 
behavior of = D 2 (r) — H 2 (r), since the circles de- 
fined by t,r,z = const are closed time-like curves when 
.900 < for a certain ran ge o f values of r. The causality 
features are the following [4l|: (i) for to 2 < 0, there is an 
infinite sequence of alternating causal and non causal re- 
gions; (ii) for < m 2 < 4w 2 , there is only one non causal 
region; (iii) for m 2 > 4w 2 , there is no causality problem. 
Amon g th ese solutions there is the Reboucas-Tiomno so- 
lution [42|, where m 2 — iuj 2 , which is conformally flat, 
has a 7-parameter group of isometries and is not stably 
causal. All models where m 2 > Auj 2 are stably causal. 
Thus, the Rebocas-Tiomno model is the boundary be- 
tween the causal and non-causal models. 

The problem of ST homogeneity of a four-dimensional 
spacetime endowed with a Godel-type metric eq. (I7.70[) 
was investigated under restrictive assumptions on the 
form of the Killing vector fields [H, S3, H] . The result 
was a set of necessary and sufficient conditions, which 
was rederived without assuming any simplifying hypoth- 
esis [45j . by using a complete and invariant description 
of spacetimes obtained through the equivalence problem 
techniques. 

Although the investigation of the causality features of 
three-dimensional Godel-type spacetimes with parame- 
ters m 2 and uj can be investigated following the approach 
used for the four-dimensional case, the situation concern- 
ing the problem of ST homogeneity in its all generality is 
completely different. The necessary and sufficient condi- 
tions for ST homogeneity in 4-dimensions [45| were ob- 
tained by using a minimal set of independent covariant 



derivatives of the curvature spinor [18|, calculated in a 
fixed canonical frame. Unfortunately this approach can 
not be used for three-dimensional manifolds, where the 
Weyl tensor vanishes identically [33|, for the following 



reasons. First, it requires a different spinor formalism re- 
lated to the Lorentz group SO(2, 1) of three-dimensional 
spacetimes. Second, since the minimal set [IH used de- 
pends on the Weyl spinor and its covariant derivatives, 
a new minimal set of independent covariant derivatives 
of the curvature spinor must be find. Finally, since the 
standard frame was fixed by aligning the frame vectors 
with the principal directions of the Weyl spinor, a differ- 
ent canonical frame fixed by the principal directions of 
the Ricci spinor is required. 

We show that the ST homogeneous three-dimensional 
Godel-type manifolds have a 4-parameter group of isome- 
tries and an 1-parameter subgroup of isotropy. The 
equivalence of these spacetimes is discussed and they are 
found to be characterized by two essential parameters 
m 2 and uj: identical pairs (to 2 , uj) correspond to equiv- 
alent (isometric) manifolds. The algebraic classifications 
and canonical forms of both the Ricci spinor <J>ab and 
the conformal Cotton- York spinor ^ ab are presented, 
by usin g th e formalism of two-component real spinors 
[H, I29I |30| . For a general pair (m 2 , uj), the Cotton- 
York spinor ^> ab and the Ricci spinor $ab are both 
Segre type [(11), 1], The only exceptions are the confor- 
mally flat spacetimes given by the anti-de Sitter space- 
time (to 2 = iuj 2 ), where §ab = and f^ B = 0, and 
the spacetime without rotation (to 2 ^ 0, uj — 0), where 
^ ab — 0. The group of isometries is also discussed. Fi- 
nally, the results obtained are compared with those for 
the four-dimensional Godel-type ST homogeneous met- 
rics 



45] 



In this section we shall consider a three-dimensional 
pseudo-Riemannian manifold M, endowed with a Godel- 
type metric eq. (|7.70|) . 

For arbitrary functions H(r) and D(r), the Godel-type 
three-dimensional metrics are Segre type [11,1] and the 
canonical frame is completely fixed. The canonical frame 
is found in the following way. First, we calculate the Ricci 
spinor $ab in the null triad 



I 1 = uj\ 



e 2 = (UJ 3 -LU 2 )/V2, 

e 3 = (uj 3 + uj 2 )/V2 7 



(7.73) 



where uj a is a Lorentz triad (t]ab = diag(+l, +1, — 1)) 
given by 

uj 1 = dr, uj 2 = D(r)d(t>, lj 3 = dt + H{r)d(j). (7.74) 

We find the non vanishing components <f>oo, $22 and $n. 
In order to obtain the canonical form for the Segre type 
[11,1], where $00 = ^22, we perform a boost with pa- 
rameter A(r) whose effect on the null frame above can be 
stated as 



jl =9\ 9 2 = y/A(r)i 



)2 3 



(7.75) 



The canonical frame for the Segre type [11,1] is obtained 
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by choosing 



A(r) 



D" _ (H_\2 _ (H'\l 
D \ D I \ D I 

^"(f) 2 + (f)' 



(7.76) 



where the prime denotes derivative with respect to r. 

Using the canonical frame above one finds the following 
non vanishing components of the Cartan's scalars, which 
correspond to the first step for q = of our algorithm: 



$oo = $ 



22 



$11 = - — 



A 



A(r) 


D" 


4 




~D 


1 




D" 


12 


~D 


-2 


' D" 
~D 



w_ 

~~D 

W_ 

D 

W_ 
~D 



~~D 



(7.77) 
(7.78) 
(7.79) 



For ST homogeneity one finds, from equation eq. (|2.12| . 
that we must have t p = 0, that is, the number of function- 
ally independent functions of the spacetime coordinates 
in the set I p must be zero. Accordingly, all the above 
quantities of the minimal set must be constant. Thus, 
from eqs. (|7.77p - (|7.79p one easily concludes that for a 
three-dimensional Godel-type spacetime metric eq. (I7.70P 
to be ST homogeneous it is necessary that 



~~D 



D" 

= const = 2w, -jj = const = to 2 . (7.80) 



We shall now show that the above necessary conditions 
are also sufficient for ST homogeneity. Indeed, under the 
conditions eqs. (|7.80|) we obtain that A(r) — 1 and the 
non- vanishing Cartan's scalars corresponding to the first 
step for q = of our algorithm reduce to 



$oo = $22 = 3$n = --(to 2 - 4 w 2 ) (7.81) 



A 



-2 (to 2 



(7.82) 



where obtain the canonical form $00 = $22 = 3 $11 for 
Segre type [(11), 1]. Therefore, we group the Godel-type 
three-dimensional spacetimes, according to the relevant 
parameters to 2 and oj, into three classes: 

(i) to 2 7^ 4o> 2 , where m 2 ,uj 7^ 0; 

(ii) to 2 = 4cj 2 , where u^0; 

(iii) to 2 ^ 0, u> = 0. 

Now we proceed by carrying out the next steps of the 
procedure for testing equivalence in practice, for each 
class of Godel-type three-dimensional spacetimes. 

For the first class, we have that all metrics are Segre 
type [(11), 1]. Following the algorithm of the previous sec- 
tion, one needs to find the isotropy group which leaves the 
above Cartan's scalars (canonical forms) invariant. The 



curvature scalar A is invariant under the whole Lorentz 
group 50(2,1). Thus, the isotropy subgroup H is de- 
termined by the Ricci spinor, which is Segre type [(11),1] 
and is invariant under the group 15*0(2) of spatial rota- 
tions. So, we obtain that to — and that the residual 
group Hq, which leaves the above Cartan's scalars invari- 
ant, is one-dimensional. 

We proceed by carrying out the next step of our practi- 
cal procedure, i.e., by calculating the Cotton- York spinor 
and the totally symmetrised covariant derivatives of the 
Cartan's scalars eqs. (|7.81[) - ([7.82[) . that is, the first step 
for q = 1. One finds the following non- vanishing quanti- 
ties: 



*oo = $22 = 3*ii = 



--u(m 2 -4w 2 ), (7.83) 



where the Cotton- York spinor is in the canonical form of 
Segre type [(11), 1]. 

As no new functionally independent function arose, 
to = t\. Besides, the Cartan's scalars eq. (17.83)) are 
invariant under the same isotropy group (spatial rota- 
tions), i.e. H n = Hi, and the algorithm stops. Thus 
we obtain t p — and 1-dimensional isotropy subgroup 
H p = SO{2). From eqs. (|2~TT|l - (|2~T2ll one finds that 
the three-dimensional Godel-type spacetime have a four- 
dimensional group of isometries with a three-dimensional 
orbit - the necessary conditions eqs. I|7.80p are also suffi- 
cient for ST homogeneity. 

For the next class (to 2 = Alo 2 : u} 7^ 0), following the 
algorithm, we obtain that 



$ab = 0, 



A 



-TO 



(7.84) 
(7.85) 



Thus to = and dim(Ho) = 3, since the group of invari- 
ance of $ab is now the Lorentz group SO(2, 1). Con- 
sidering that the Cotton- York spinor ^ab — and that 
all derivatives of the Cartan's scalars vanishes identically, 
the process terminate. This is the anti-de Sitter three- 
dimensional spacetime. It is conformally flat and has a 
6-dimensional isometry group with a three-dimensional 
isotropy subgroup and acts on a three-dimensional orbit. 
Therefore, according to eq. f|2.12[) . it is ST homogeneous. 
Note that the four-dimensional spacetime with the same 
values of to 2 , u> is the conformally flat Reboucas-Tiomno 
spacetime with a 7-parameter isometry group. 

Finally, for the last class (to 2 7^ 0,w = 0), that is, the 
Godel-type spacetimes without rotation, we obtain for 
the first step of the algorithm for q — that 

$00 = $22 = 3 $11 = -\rn 2 (7.86) 
A = -2to 2 (7.87) 

where § ab is in canonical form for Segre type [(11), 1]. 
Therefore, we find again that to = and that Ho is the 
group 50(2) of spatial rotations. 
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Following the algorithm, we obtain once more that the 
Cotton- York spinor ^ab — and that all derivatives 
vanishes identically, and the process terminate. Since 
t p = and Hp — 50(2), we obtain again a 4-parameter 
isometry group with a 1-dimensional isotropy subgroup. 
Therefore, it is a ST homogeneous conformally flat space- 
time. Notice that the four-dimensional Godel-type space- 
time without rotation is not conformally flat and has a 
6-dimensional isometry group. 

The above results can be summarized in the following 
theorems: 

Theorem 1 The necessary and sufficient conditions 
for a three-dimensional Godel-type spacetime to be ST 
(locally) homogeneous are those given by equations 
eqs. (ffSUi) . 

Theorem 2 All ST locally homogeneous three- 
dimensional Godel-type spacetimes admit a four- 
dimensional group of isometries with an 1 -parameter 
isotropy subgroup and are characterized by two inde- 
pendent parameters m 2 and u>: identical pairs (m 2 ,uj) 
specify equivalent (isometric) spacetimes. 

It is worth emphasizing that eqs. (|7.81|) - (|7.87|) are re- 
lated to the corresponding equations for four-dimensional 
Godel-type spacetimes (eqs. (3.12)-(3.15) and eqs. (3.18)- 
(3.25) in [HI). Therefore, our study here can be consid- 
ered as the lower dimensional analogous of results in [45[ . 
Thus, for example, the above theorems 1 and 2 relates to 
the corresponding theorems in [45[ (theorems 1 and 2 on 
page 891). 

For all three-dimensional ST homogeneous Godel-type 
spacetimes the Segre type of the Ricci spinor is [(11), 1]. 
The only exception is the anti-de Sitter spacetime, ob- 
tained when m — A to 2 , whose isometry group is 6- 
dimcnsional. This is the only condition where the isom- 



etry group has dimension higher than four. The Cotton- 
York spinor has also the same Segre type [(11),1] for all 
Godel-type, except when the spacetime is anti-de Sit- 
ter (m 2 — Auj 2 ) and when the spacetime has no rota- 
tion (uj = Q,m 2 7^ 0), since both are conformally flat 
(*ab = 0). 

For the sake of completeness, we should mention that 
the equivalence problem techniques were used to inves- 
tigate the five-dimensional Godel-type and generalized 
Godel-type pseudo-Riemannian spacetimes [4(| [47} ■ Fur- 
thermore, Godel-type solutions with torsion were also 
investigated [48| through the equivalen ce p roblem tech- 
niques for Riemann-Cartan spacetimes [HI, E3 • 

To conclude, we should like to emphasize that as no 
field equations were used to show the above results, they 
are valid for every three-dimensional pseudo-Riemannian 
Godel-type solution regardless of the theory of gravita- 
tion considered. 

8. FINAL REMARKS 

It should be noted that the equivalence problem tech- 
niques, which we have used in this work, can certainly 
be used in more general contexts. Among possible 
applications we mention, especially, that the equivalence 
problem techniques for both general relativity and 
three-dimensional gravitation can be used to investigate 
their interconnections in a coordinate invariant way. 



Acknowledgments 

F. C. Sousa gratefully acknowledge financial assistance 
form CAPES. C. Romero would like to thank CNPq for 
partial financial support. Thanks also go to the referees 
for their suggestions and constructive comments. 



[1] Ehlers J 1981 Christoffels Work on the Equivalence Prob- 
lem for Riemannian Spaces and its Importance for Mod- 
ern Field Theory of Physics, in E. B. Christoffel: The 
Influence of His Work on Mathematics and the Physi- 
cal Sciences, edited P. L. Butzer and R. F. Feher (Basel: 
Birkhauser- Verlag) . 

[2] Cartan E 1951 Lecons sur la Geometrie des Espaces de 
Riemann (Paris: Gauthier- Villars) . English translation 
by J. Glazebrook, Math. Sci. Press, Brookline (1983). 

[3] Karlhede A 1980 Gen. Rel. Grav. 12, 693. 

[4] Karlhede A 2006 Gen. Rel. Grav. 38, 1109. 

[5] Aman J E 1987 Manual for CLASSI: Classification Pro- 
grams for Geometries in General Relativity, Institute of 
Theoretical Physics Technical Report. Third provisional 
edition. Distributed with the sheep sources. 

[6] MacCallum M A H 1983, Classifying Metrics in The- 
ory and Practice, in Unified Field Theory in More Than 
4 Dimensions, Including Exact Solutions, ed. by V. de 
Sabbata & E. Schmutzer. World Scientific, Singapore. 

[7] Frick I 1977 SHEEP Users Guide, Institute of Theoretical 



Physics, University of Stockholm Report 77. 
[8] MacCallum M A H 1984 Algebraic Computer in General 

Relativity, in Classical General Relativity, ed. by W. B. 

Bonnor, J. N. Islam & M. A. H. MacCallum, Cambridge 

U. P. , Cambridge. 
[9] MacCallum M A H 1991 Computer-aided classification of 

exact solutions in general relativity, in General Relativity 

and Gravitational Physics (9th Italian Conference), p. 

318, ed. by R. Cianci, R. de Ritis, M. Francaviglia, G. 

Marmo, C. Rubano & P. Scudellaro, World Scientific, 

Singapore. 

[10] MacCallum M A H and Skea J E F Sheep: A Com- 
puter Algebra System for General Relativity, in Algebraic 
Computing in General Relativity, Lecture Notes from 
the First Brazilian School on Computer Algebra, Vol. 
II, edited by M. J. Rebougas and W. L. Roque (Oxford: 
Oxford U. P.) 1994. 

[11] Pollney D, Skea J E F and d'Inverno R A 2000 Class. 
Quantum Grav. 17, 643. 

[12] Pollney D, Skea J E F and d'Inverno R A 2000 Class. 



13 



Quantum Grav. 17, 2267. 
[13] Pollney D, Skea J E F and d'Inverno R A 2000 Class. [28 

Quantum Grav. 17, 2885. [29 
[14] Fonseca-Neto J B, Rebougas M J and Teixeira A F F 

1992 J. Math. Phys. 33, 2574. [30 
[15] Fonseca-Neto J B, Rebougas M J and MacCallum M A H 

1993 "Algebraic Computing in Torsion Theories of Gravi- [31 
tation", in Proceedings of the International IMACS Sym- 
posium on Symbolic Computation, edited by G. Jacob, N. [32 
E. Oussous and S. Steinberg. IMACS Press. 

[16] Aman J E, Fonseca-Neto J B, MacCallum M A H and Re- [33 
bougas M J 1995 "TCLASSI: A computer algebra package 
for torsion theories of gravitation", in Abstracts of Con- [34 
tributed papers, 14th International Conference on Gen- 
eral Relativity and Gravitation, p. 179. University of [35 
Firenze. [36 

[17] Fonseca-Neto J B, Rebougas M J and MacCallum M A 

H 1996 Maths. Comp. Simul. 42, 739. [37 

[18] MacCallum M A H and Aman J E 1986 Class. Quantum [38 
Grav. 3, 1133. 

[19] Kramer D, Stephani H, MacCallum M A H and Herlt E [39 
1980 Exact Solutions of Einsteins Field Equations (Cam- 
bridge: Cambridge University Press). [40 

[20] Hawking S W and Ellis G F R 1974 The Large Scale 

Sructure of spacetime (Cambridge: Cambridge Univer- [41 
sity Press). 

[21] Kobayashi, S. & Nomizu, K. (1963), "Foundations of Dif- [42 

ferential Geometry, Vol. 1, Interscience, New York. [43 
[22] Stenberg, S. (1964), "Lectures on Differential Geometry" , 

Prentice-Hall, Englewoods Cliffs. [44 
[23] Spivak, M. (1979), "A Comprehensive Introduction to 

Differential Geometry" , vol. 1, Publish or Perish, Berke- [45 

ley. 

[24] Karlhede, A. & MacCallum, M. A. H. (1982), "On deter- [46 
mining the isometry group of a Riemannian space" , Gen. 
Relat. Grav. 14, 673. [47 

[25] Araiijo M E, Dray T and Skea J E F 1992 Gen. Rel. 

Grav. 24, 477. [ 

[26] Paiva F M, Rebougas M J and MacCallum M A H Mac- 
Callum 1993 Class. Quantum Grav. 10, 1165. 

[27] Pareja M J and MacCallum M A H 2006 Class. Quant. 



Grav. 23, 5039. 

Torres de Castillo G F 1994 Rev. Mex. Fis. 40, 195. 
Aliev A N and Nutku Y 1995 Class. Quant. Grav. 12, 
2913. 

Torres del Castillo G F and Gomez-Ceballos L F 2003 J. 
Math. Phys. 44, 4374. 

Penrose R and Rindler W 1984 Spinors and Space-time, 
vol 1 (Cambridge: Cambridge University Press) 
Penrose R and Rindler W 1984 Spinors and Space-time, 
vol 2 (Cambridge: Cambridge University Press) 
Eisenhart L 1949 Riemannian Geometry (Princeton: 
Princeton Univ. Press). 

Hall G S, Morgan T and Perjes Z 1987 Gen. Rel. Grav. 
19, 1137. 

Hall G S and Capocci M 1999 J. Math. Phys. 40, 1466. 

Garca A, Hehl F W, Heinicke C and Macas A 2004 Class. 

Quant. Grav. 21, 1099, |gr-gc/0309008| 

Godel K 1949 Rev. Mod. Phys. 21, 447. 

Bonnor W B, Santos N O and MacCallum M A H 1998 

Class. Quantum Grav. 15, 357. 

Banados M, Barnich G, Compere G and Gomberoff A 
2006 Phys. Rev. D 73, 040406, |hep-th/0512"T05j 
Rooman M and Spindel Ph 1998 Class. Quantum Grav. 
15, 3241, |gFqc7 9804027 

Calvao M O, Rebougas M J and Teixeira A F F 1988 J. 
Math. Phys. 29, 1127. 

Rebougas M J and Tiomno J 1983 Phys. Rev. D 28, 1251. 
Raychaudhuri A K and Thakurta S N G 1980 Phys. Rev. 
D 22, 802. 

Teixeira A F F, Rebougas M J and Aman J E 1985 Phys. 
Rev. D 32, 3309. 

Rebougas M J and Aman J E 1987 J. Math. Phys. 28, 
888. 

Rebougas M J and Teixe ira A F F 1998 J. Math. Phys. 
39, 2180, |gr-qc/9712071| 

Carrion H L, Rebouga s M J and Teix eira A F F 1999 J. 
Math. Phys. 40, 4011, |gr-qc/ 9904074 
Aman J E, Fonseca-Neto J B, MacCallum M A H and 
Rebougas M J 1998 Class. Quantum Grav. 15, 1089. 



